I. Introduction
STIMATING the mean flowfield in porous wall-injecting chambers is vital to the design of solid rocket motors (SRMs). In fact, the mathematical determination of the pressure distribution plays a key role in prescribing the stress loads on the propellant grain, insulation, and rocket frame. From a modeling perspective, the pressure field remains of paramount importance to studies concerned with predicting acoustic instability, understanding the onset of erosive burning, and assessing hydrodynamic stability factors. In this context, Culick 1 developed an incompressible mean flow solution that became widely accepted in the aerospace community. In his 1966 work, Culick 1 considers an internally burning cylinder and recovers the cosine-shaped velocity profile suggested a decade earlier by Taylor. 2 Extending this problem to the compressible context, investigations by two notable groups, Dunlap, Willoughby and Hermsen, 3 and Traineau, Hervat and Kuentzmann, 4 reported rich characteristics of the spatially developing motion as it was shown to exhibit appreciable steepening beyond the Taylor-Culick baseline. 1, 2 Such departure from the incompressible approximation was confirmed to have a substantial bearing on the hydrodynamic instability investigation of a simulated rocket motor. As shown by Venugopal, 5, 6 a small change in the mean flow can be substantially magnified in the unsteady, compressible flow simulation. These observations were further supported by numerical simulations attributed to Beddini, 7 Baum, Levine and Lovine, 8 Liou and Lien, 9 and Apte and Yang, 10, 11 among others. In this article, we derive an explicit solution to the compressible axisymmetric flow analog. Among the analytical techniques used in this context are the Rayleigh-Janzen and Prandtl-Glauert expansion methods. 12 The latter consists of perturbing the velocities in terms of a shape parameter first, and then treating the reduced equations using traditional approaches. A variant of this technique was pursued by Traineau, Hervat and Kuentzmann 4 whose work was revisited by Balakrishnan, Liñan and Williams. 13 Their analytical efforts relied on scaling arguments to justify the dismissal of the radial momentum equation, thereby reducing the remaining axial momentum, mass, energy, ideal gas, and isentropic state relations to a single integral expression. In a follow-up study, 14 they related the mass flux to the pressure response through St. Robert's power law.
Another analytical technique in relation to this problem consists of a variant of the Rayleigh-Janzen perturbation expansion. 15, 16 First applied by Majdalani 17 in the treatment of the axisymmetric porous cylinder and by Maicke and Majdalani 18 in the planar flow analog, the method consists of expanding the compressible equations of motion in the square of the wall injection Mach number. These researchers derived a closed-form approximation to the fully twodimensional or axisymmetric compressible flowfields. Moreover, their efforts led to the identification of the sonic distance as the appropriate lengthscale for normalization; when inserted into one-, two-, or three-dimensional solutions, it would promote a self-similar, parameter-independent behavior of the results for all wall Mach numbers.
The present investigation builds on the work by Traineau, Hervat and Kuentzmann, 4 Balakrishnan, Liñan and Williams, 13 and Akiki and Majdalani. 19, 20 Using an Abel inversion, the integral formulation developed previously is solved analytically for integer values of  
/ 1
  and three injection configurations. These correspond to constant mass flux, constant injection speed, and spatially oscillatory injection speed. The latter will be introduced and explored given its relevance to the modeling of erosive burning of solid propellants. 21, 22 Granted these three injection patterns, our objective will be to provide analytical solutions for the pressure distribution inside a compressible, axisymmetric porous cylinder, such as the one used to represent an idealized SRM.
II. Mathematical Model

A. Geometry
A solid rocket motor can be modeled as a slender, elongated tube with sidewall injection. In this article, we consider the injection driven flow of an ideal gas in a cylinder of radius a and length 0 L such that 0 a L  . As shown in Fig. 1a , the sidewalls are porous, allowing gas to be injected inwardly at a velocity 
B. Formulation
Under the assumption of low chamber aspect ratio, 
and
Furthermore, the gas may be assumed to be ideal with a constant p c such that
Following the integral framework described previously, 13, 19 the governing equations can be reduced to
Equation (6) is an integral equation relating the pressure and the axial distance; once solved, it will provide the pressure distribution needed to extract the temperatures, velocities and Mach numbers in the two-dimensional, axisymmetric domain. 
III. Exact Solution Using the Abel Transform
The Abel transformation exists between two functions ( ) f s and ( ) g t given a parameter  such that 0 1.
its Abel inversion yields:
In order to make use of this formulation, we first rearrange Eq. (6) into
A dual variable transformation in s and t is then inserted into Eq. (9) with the aim of converting it into a form that conforms to Eq. (7). Starting with
We substitute back into Eq. (9) and simplify. This enables us to identify:
Their backward substitution into Eq. (9) leaves us with
Equation (12)   however, the remaining solutions can be extracted from a recursive formula that will be later discussed. Evaluating the integral in Eq. (12), one gets
Knowing that the pressure is assumed one-dimensional, and that  represents an axial distance, it is appropriate to replace  with the axial coordinate. Subsequent integration of Eq. (13) renders:
At this point, the boundary at the headwall can be used to specify the constants 1 1/ 4 3 C  and 2 4 / 3. C  Note that Eqs. (14) and (15)   A recursive relation may be developed to extract the expressions relating the pressure and the axial distance for different values of .
 After much effort, we find, for 0 n  , the exact relation: (6); in all test cases, the analytical predictions coincided with the numerical results. In the interest of brevity, the attendant discussion is omitted here. With the pressure distribution in hand, one can sample the data and solve for the radial distance numerically using
where all quantities on the right-hand-side are known. Subsequently, the temperature can be extracted from the isentropic relation, 
Having the temperature, one can solve for the velocity profile using the relation derived from the energy equation,
For the calculation of the Mach number, one can employ the compressible flow relation
At this juncture, most of the parameters characterizing the flow are available.
IV. Results and Discussion
By way of verification, we turn our attention to two analytical studies of the compressible flowfield in porous chambers. The first is by Majdalani 17 who developed a closed-form solution for the problem. In his work, perturbations methods are used with a variant of the Rayleigh-Janzen expansion. His approach, based on a small characteristic wall Mach number, has been shown to provide a suitable gaseous flow representation for rocket motor applications. Majdalani's model is herein summarized for a flow driven by a uniform speed at the injecting sidewall: 1 ( 1)
where the sonic length, s L , is related to the  function through 28 12 6 8 6 22 18 6 14 3
or, in expanded form, 
Traditionally, the critical distance, also known as the sonic length, represents the distance from the headwall to the point at which the Mach number reaches unity. The reason that a critical point is used in the definition of s L can be attributed to compressible flow theory being mostly developed in a one-dimensional setting. In the present work, the problem is two-dimensional, and the Mach number reaches sonic conditions along a bell-shaped curve rather than a point. To reconcile with one-dimensional predictions wherein values are essentially area-averaged at a given American Institute of Aeronautics and Astronautics axial station, a new definition is warranted, namely, that of an area-averaged critical length, s L . Accordingly, a cross-section will be fully choked when the local average Mach number reaches unity.
In what follows, results of the present solution are compared to the two analytical models discussed earlier. Figure 2 shows the pressure distribution in the chamber pursuant to Eq. (16) . Because the two models are derived under slightly different boundary conditions at the sidewall, we present two sets of comparisons for a) 0 n  and b) 1 n  . The comparison reflects a qualitative agreement with the one-dimensional model. The minor discrepancy observed on this graph can be linked to the additional contributions brought about by two-dimensionality. As for Fig. 2b , we note an excellent agreement with Majdalani's solution, 17 except for the part close to the choking region. Therein, the present solution exhibits a steeper slope as it approaches the sonic point. This may be attributed to the fundamental assumptions used at the forefront of these two dissimilar formulations. In Majdalani's derivation, the pressure, temperature and density parameters are non-dimensionalized with respect to their reference conditions at the headwall. By so doing, their analysis implies constant entropy along the length of the injecting wall; in the present framework, entropy is held constant along a streamline but varied along the sidewall. These conditions give rise to the cases of homentropic versus isentropic flow. With the understanding that turbulence and viscous stresses become significant near the critical length, dissimilarities that may be connected with entropy distribution and reversibility assumptions become magnified in the vicinity of the choking section.
In order to map the Mach number throughout the domain, Eq. (20) may be used to calculate the resulting M everywhere. Forthwith, iso-Mach number contour lines are provided in Fig. 3 using a) numerical integration and b) analytical predictions based on Majdalani's model. 17 Despite the slight dissimilarity in their contour curvatures near choking (upper rightmost corner), the two models appear to display visible agreement in their Mach number predictions elsewhere. Furthermore, the location of the 1 M  condition in both models is realized along a two- Fig. 3 being lines of revolution about the chamber axis.
As far as the main velocity is concerned, the evolution of the axial speed is displayed in Fig. 4b , our velocities taken at several axial stations develop into a blunter, turbulent-like profile. These compressibility effects are consistent with those reported using various other techniques by Majdalani, 17 Maicke and Majdalani, 18 Traineau, Hervat and Kuentzmann, 4 Balakrishnan, Liñan and Williams, 14 Apte and Yang, 11 and others.
V. Flowfield Driven by Oscillatory Injection
Having validated the present formulation, its ability to accommodate various injection profiles can be immediately tested. Originally, the solution is developed for a propellant burning rate behavior that follows St. Robert's power law. However, in modeling erosive burning of propellants, it is useful to explore the effects of varying the velocity profile along the injecting surface. 21, 22 This may be accomplished by first nondimensionalizing the variables   P X , X and  with no pressure dependency. For this, we let:
Whereas the normalization of P is straightforward, those of X and  are based on their upper integral bounds. This group of coordinate distortions transform Eqs. (17) and (6) into
and Table 1 . At this stage, an oscillatory velocity profile at the injecting wall may be imposed viz.
where  and  are parameters controlling the amplitude and number of spatial wavelengths between 0 x  and s L (hence commensurate with the spatial wave number). Assuming a constant temperature along the sidewall, Eq. (32) can be integrated given that U and w T are known quantities that can be calculated from the characteristic wall Mach number. Next, the axial velocity can be determined in terms of x to account for the spatial oscillations. To examine the effect of the propellant burning rate fluctuations on the flow, we start by computing the velocities with an oscillation amplitude of 30% of the blowing speed (i.e., 0.3
 
). We then subtract the outcome from a flowfield driven by a uniform injection profile (of magnitude U ). Results are given in Fig. 5 at different axial locations for a) 5   and b) 10   . In this graph, the velocity magnitude is scaled with respect to the centerline velocity; this makes it easier for us to visualize and infer the effects of burning rate fluctuations. Axially, the propagation of disturbances becomes magnified as we move downstream, thus reaching a maximum decrement of 9.3% (at the choking length) for 5   and 6.1% for 10   . Conversely, the radial propagation of disturbances originating at the sidewall becomes less pronounced as we move in the downstream direction. Although the amplitude of oscillations is taken to be the same for both cases, higher wave numbers lead to a more rapid attenuation of sidewall disturbances. One can also study the pressure perturbations arising from this undulating boundary. Figure 6 showcases the pressure fluctuations being subtracted from the flow driven by uniform injection. On the one hand, results show an increase in pressure of up to 9.1% for 5   , while, on the other hand, the pressure is decreased by 1.6% for 10.
 
This unpredictable response of the pressure to surface irregularities or propellant burning rate fluctuations warrants further examination. It also explains some of the challenging aspects that must be resolved when predicting for example, erosive or resonant burning behavior. 
VI. Conclusions
In this paper, analytical solutions to the integral form of the pressure distribution in a porous cylinder are extracted using an Abel transform. Two sets of exact solutions are retrieved: the first corresponds to a uniformly injecting mass flux and the second to a uniformly injecting velocity. While the former is shown to be reproducible from an explicit recurrence formula, the latter is expressed in series expansions for each viable ratio of specific heats. Results are verified numerically and then compared to other compressible analytical solutions found in the literature, such as those by Majdalani 17 and Gany and Aharon. 23 The present investigation confirms the steepening of velocity profiles and increased gradients at the sidewall due to compressibility. They also confirm the location and shape of the sonic surface of revolution.
Before closing, the unique capability of this framework to accomodate variable surface injection conditions is demonstrated using a spatially oscillatory sidewall velocity. Such behavior may be useful in modeling erosive burning of propellants. At the outset, velocity and pressure fluctuations are extracted and compared for different spatial wave numbers. Our findings indicate that lower wave numbers have a greater impact on the pressure amplitude. 
